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Abstract 

, We study local G-shtukas with level structure over a base scheme whose Newton poly- 

' gons are constant on the base. We show that after a finite base change and after passing 

to an etale covering, such a local G-shtuka is isogenous to a completely slope divisible one, 

■ generalizing corresponding results for p-divisible groups by Oort and Zink. As an applica- 
tion we establish a product structure up to finite surjective morphism on the closed Newton 
stratum of the universal deformation of a local G-shtuka, similarly to Oort's foliations for 
p-divisible groups and abelian varieties. This also yields bounds on the dimensions of affine 

■ Deligne-Lusztig varieties and proves equidimensionality of affine Deligne-Lusztig varieties 
r-j ! in the affine Grassmannian. 
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1 Introduction 

We denote by ¥ q the finite field with q elements and by k an algebraically closed field which is 
also an Fg-algebra. 

Let G be a split connected reductive group over ¥ q . Local G-shtukas are analogs over the 
function field ¥ q ((z)) of p-divisible groups with extra structure. To define them, let LG be the 
loop group of G see [Fa, Definition 1]. I.e. LG is the ind-scheme over ¥ q representing the sheaf 
of groups for the /pgc-topology whose sections for an F g -algebra R are given by LG(Spec R) = 
G[Rfz}[j]) . We also use the analogous notion for example for parabolic subgroups of G. Let 
Kq be the infinite dimensional affine group scheme over ¥ q with ifo(Spec-R) = G(i2[z|). In 
the natural way Kq can be viewed as a subsheaf of LG. Every i^o-torsor over an F^-scheme S 
for the fpqc-topology is already a -Ko-torsor for the etale topology by |HVt Proposition 2.1]. For 
such a -fTo-torsor Q on S let CQ be the associated LG-torsor and a* CQ the pullback of CQ under 
the g-Frobenius morphism Frob g : S — > S. Then a local G-shtuka over S is a pair Q_ = (Q, tp) 
consisting of a -Ko-torsor Q on S and an isomorphism of LG-torsors ip : a* CQ CQ. Local 
G-shtukas over k can also be described as follows. There exists a trivialization Q = (i^o)fc 
and with respect to such a trivialization <p corresponds to an element b S LG(k). A change 
of the trivialization replaces b by g~ 1 ba*(g) for g G Ko(k), where a* is the endomorphism of 
Kq and of LG induced by Frob g . The special case of local GL n -shtukas is a direct analog of 
p-divisible groups in this context of function fields |Ha| . For G = GSp 2n one obtains the analog 
of polarized p-divisible groups. For a definition of local G-shtukas and their moduli over more 
general schemes see [HVJ. In contrast to [HV] we here only consider local G-shtukas over base 
schemes S over ¥ q = F g [C]/(C) instead of over F 9 [£]]. The restriction to base schemes with 
C = corresponds to p-divisible groups over F p -schemes instead of over Z p -schemes. Whenever 
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it does not require additional effort we also consider more generally local G-shtukas with a level 
structure by certain subgroups K of Kq, the most interesting cases being K = Kq (in which 
case one obtains the definition above) or K = I, an Iwahori subgroup of Kq. For simplicity we 
only consider the case K = Kq in the introduction. 

Let B D T be a Borel subgroup and a maximal split torus of G. Recall that a coweight 
A G X*(T) is called dominant if (A, a) > for every positive root a of G. To a local G-shtuka 
Q_ over an algebraically closed field k we assign its Hodge point or Hodge polygon, i.e. the 
unique dominant coweight \i = fig € X* (T) such that the element b associated with Q_ is in the 
double coset KQ(k)z^KQ(k) where z 11 denotes the image of z under fi : G m — > T. For Q_ over 
a scheme S we consider the function fig assigning to each geometric point s of S the Hodge 
point fig(s) of G. It has the property that its image Jig in 7i"i(G) = X* (T) / (coroot lattice) is 
locally constant on 5 (see [HV] Proposition 3.4]). If S is reduced we say that Q_ is bounded by 
some dominant fi £ X*(T) if fig(s) < fi for all s £ S. Here ^ is the Bruhat ordering on the set 
of dominant coweights of G, i.e. ^ fi% if and only if the difference fii — fii is a non-negative 
integral linear combination of simple coroots. There is also a notion of boundedness for local 
G-shtukas over non-reduced schemes, compare Definition 13.51 or [HV] Definition 3.5]. 

A second important invariant of a local G-shtuka over an algebraically closed field is its 
isogeny class. It corresponds to the u-conjugacy class [b] = {g bo* '(g) : g € LG(k)} of the 
associated element b € LG(k). In [Koj . Kottwitz classifies the set B(G) of a-conjugacy classes 
of elements b G LG(k) by two invariants. One of them is K,(b) := 1i(K k ,ba*)- Note that it can 
also be defined directly from b via the Kottwitz map k : LG(k) — > tvi(G). Especially, it only 
depends on [b]. The other invariant is the Newton point or Newton polygon z/f, G X*(T)q of 
b. For G = GL„ this is the usual Newton polygon of the cr-linear map bo*, for general G it 
is defined by requiring that it be functorial in G. The two invariants have the same image in 
7Tl(G)q. For Q_ = (Kk, bo*) we have vg < fig as elements of X*(T)q (see |HV] Proposition 7.2]). 
The Newton point of a local G-shtuka Q_ over a scheme S is defined as the function assigning to 
each A;- valued point s of S the Newton point v = vg(s) of G. Over schemes, and already over 
general fields, two local G-shtukas whose Newton points coincide are not necessarily isogenous. 
Let (i/, Ji) be the pair of invariants associated with [b] for some b € LG(k). Let 

M v = {s e S(k) : ug(s) = v,Jig = Ji}. 

By [HV, Theorem 7.3] (sec also [RR, Theorem 3.6]) this is the set of points of a locally closed 
subscheme of S which is open in the analogously defined subscheme where we replace equality 
of Newton points by the condition vg(s) -< v. By abuse of notation we do not include Ji in 
the notation (although the stratum depends on Ji) and call M v the Newton stratum associated 
with v. The reason for this is that Ji is locally constant on S, so the additional datum Ji only 
singles out specific connected components. 

We now describe the results obtained in this article. Let £ be a local G-shtuka over a 
noetherian scheme S whose Newton point is constant. Let M be the centralizer of the Newton 
point. It is the Levi component containing T of a standard parabolic subgroup P of G, i.e. of a 
parabolic subgroup containing B. Let N be the unipotent radical of P. Let P be the opposite 
parabolic. We say that Q_ has a slope filtration if there exists a local P-shtuka V_ = (P, <p) over 
S such that Q_ = i^P where i : P G is the inclusion morphism, and etale locally on S the 
Frobenius ip is represented by an element b € LP(S) with decomposition b = mn for some m 
with M-dominant Newton point equal to v. 
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In Section H] we consider a stronger condition than having a slope filtration, namely to be 
completely slope divisible. In addition to having a slope filtration it requires certain integrality 
conditions on the elements m and n. It is related to the condition for p-divisible groups to 
be completely slope divisible defined by Zink in (Zj] Definition 10], compare Section [5j Our 
main result on slope nitrations or rather on completely slope divisible local G-shtukas is the 
following theorem. 

Theorem 14.141 Let S be an integral noetherian ¥ q -scheme and let g G LG{S) be such that the 
a-conjugacy classes of g s in the geometric points s of S all coincide. Let x be a P -fundamental 



alcove associated with this a-conjugacy class as in Remark \4- S\ (a), Then there are morphisms 



S — > S' A- S with S' integral, a finite surjective, and j3 an etale covering, and a bounded 
element h G LG(S) satisfying h' 1 g^a* (h) G I(S)xI(S). 

Here I denotes the standard Iwahori subgroup scheme of Kq. This theorem together with 
Proposition 14.81 and Corollary 14.91 implies that if Q_ is a local G-shtuka over a scheme S whose 
quasi-isogeny class is constant in all geometric points of S, then after a suitable finite base 
change and after passing to an etale covering Q_ is isogenous to a local G-shtuka which is 
completely slope divisible. This is an analog of [Zi, Theorem 7] and [OZ} Lemma 2.4]. The 
proof is also similar to the one given by Zink respectively Oort and Zink, however there is 
one ingredient [ZTJ Lemma 9] which does not have an immediate generalization from GL n to 
general reductive groups, so we replace it by a different argument here. 

We then use this result to introduce and study the analogs of Oort's |Oo| foliations and 
central leaves in our situation. A description of central leaves for a p-divisible group whose 
Newton polygon has just two slopes which uses slope nitrations can be found in |Ch| . Let F/F g 
be a field extension, S a noetherian F-scheme, and let £ be a bounded local G-shtuka over S. 
Let G be a local G-shtuka over F. We consider the subset of S given by 

C<G,S '■= { s 6 S : G k = Q_ s <8>fc( s ) k over an algebraically closed extension k/k(s) } 

Here and throughout the article k(s) denotes the residue field of s. In Corollary 16.71 we show 
that this defines a reduced locally closed subscheme which is closed in the Newton stratum 
of G. Any geometrically irreducible component of Cg,s with the induced reduced subscheme 
structure is called a central leaf corresponding to G in S. 

In this way we do not only obtain a decomposition of each Newton stratum into a disjoint 
union of (in general infinitely many) closed subschemes, but in the special case of the Newton 
stratum of the universal deformation of a local G-shtuka bounded by some \i the leaves can 
be arranged in a continuous family. To formulate the corresponding result recall the following 
definition. The closed affine Deligne-Lusztig variety associated with b £ LG(k) and a dominant 
H € X*(T) is the reduced closed subscheme X^^ib) of the affine Grassmannian LG/Kq with 

X^(b)(k) ={g(£ LG(k)/K (k) : g^ba*(g) G K (k)z»' K (k) for some fjt' * //}. 

It is the underlying topological space of a Rapoport-Zink space for local G-shtukas; see [HV, 
Theorem 6.3]. There are also variants where Kq is replaced by an Iwahori subgroup or where 
we require // = /j, (see Section [6]). In Theorem 16.51 we prove (a slight generalization of) the 
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following theorem. 



Theorem. Let G = (ifo,fc) bo~* ) 6e a local G-shtuka over an algebraically closed field k bounded 
by a dominant /x € X*(T) and with Newton point v. Let M v be the Newton stratum of [b] in the 
universal deformation space of G bounded by /U. Let x be a P -fundamental alcove associated 
with [b]. Then there is a reduced scheme S and a finite surjective morphism S —» M v which 
factorizes into finite surjective morphisms S — > X^(fr) A x^X A — >■ J\f„. Here X^ fJi (b) A denotes 
the completion of X-<^(6) at 1 and I A denotes the completion of A^ 2p ' u ^ at 0. Furthermore, 
Cqj\[ v is geometrically irreducible and equal to the image o/{l}x/ c Z A inM v . 

In other words, the Newton stratum is up to a finite surjective morphism a product of a closed 
affine Deligne-Lusztig variety and a central leaf which is an affine space in this case. The 
dimension of each irreducible component of the Newton stratum of the universal deformation 
of a local G-shtuka bounded by some [i can be bounded below using the purity of the Newton 
stratification [HV} Theorem 7.4]. Using this and the fact that the dimension of the central 
leaves is also known we obtain lower bounds on the dimension of each irreducible component 
of the affine Deligne-Lusztig varieties. For the affine Deligne-Lusztig varieties in the affine 
Grassmannian discussed above this implies that they are equidimensional of some dimension 
which is known by |GHKR1| . [VTT] . 

Corollary 16.8( a). Let b € LG(k) and let v be the Newton point of b. Let /i £ X*(T) 
be dominant with X^(b) ^ 0. Then X-< M (6) and X^(b) are equidimensional of dimension 
(p,H — v) — i(rk F(? (( z -))(G) — rk ¥q (( z y(Jb)). In particular, X^{b) is open and dense in X^(b). 

In [HV] we proved the corollary under the additional assumption that b is basic. Equidimen- 
sionality of X^(b) for b £ T(¥ q ((z))) (not necessarily basic) is shown in |GHKRl| Proposition 
2.17.1]. For affine Deligne-Lusztig varieties in the affine flag variety the bounds one obtains in 
this way are in general strictly smaller than the dimension of the variety. In this case there are 
examples where the affine Deligne-Lusztig varieties are indeed not equidimensional, see [GHJ. 
The results about affine Deligne-Lusztig varieties in the affine flag variety prove a conjecture 
of Beazley |Be|. Conjecture 1]. 

Acknowledgments. The first author acknowledges support of the DFG (German Research 
Foundation) in form of DFG-grant HA3006/2-1 and SFB 478, project C5. This work has also 
been partially supported by SFB/TR 45 "Periods, Moduli Spaces and Arithmetic of Algebraic 
Varieties" of the DFG. 

2 Quotients of loop groups and lifting properties 

Let 0s [z]] be the sheaf of Os-algebras on S for the /pgc-topology whose ring of sections on 
an 5-scheme Y is the ring of power series Os[2;](y) := T(Y, Oy)[zJ. This is indeed a sheaf 
being the countable direct product of Os- Let Os((z)) be the fpqc-sheai of Os-algebras on S 
associated with the presheaf Y H- T(Y, Cy)H[j]. If Y is quasi-compact then Os((z))(Y) = 
r(Y,0 K )[zJ[±] by [10 Exercise 11.1.11]. 
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We consider the ordering ^ on the group of coweights X*(T) of G, which is defined as 
Mi — M2 if and only if the difference [ii — Hi is a non-negative integral linear combination of 
simple coroots. If are dominant it coincides with the Bruhat ordering. On X*(T) we 

consider the analogous ordering. On X*(T)q = X*(T) <S>z Q we use the ordering with fi\ ■< fi2 
if and only if the difference [i<i — \i\ is a non-negative rational linear combination of simple 
coroots. For /x € X*(T) we denote by the image of z € G m (F g ((z))) under the morphism 

\X '. &rn — ^ L . 

For n > let K n , I n C Kq be the subgroup schemes defined by 
K n (S) = {geK (S): g = l (mod z™)} 

I n (S) = {ge K n {S) : (g mod z n+1 ) G B{T(S, O s ) \z\/(z n+1 )) }. 

We write I for the Iwahori subgroup scheme Iq. We use the letter if for arbitrary subgroup 
schemes of Kq containing some K n , not only for Kq itself. 

Let LG/K be the sheaf of sets associated with the presheaf S h4 LG{S) / K{S) on the 
fppf -site of Fq-schemes £*. In particular Gr := LG/Kq is called the affine Grassmannian and 
J-Za<7 := LG/I is called the affine flag variety] see [BP} §4.5], BIT]. |LS| . who comprehensively 
develop the theory of the affine Grassmannian over the field of complex numbers. Most of 
their results, and in particular all we use here, also hold with the same proofs over ¥ q . For 
instance [NP| . |Fa| reprove some statements. Moreover [PR| present a generalization of results 
and proofs to twisted affine flag varieties over F„. The sheaf LG/K is represented by an 
ind-algebraic space over ¥ q of ind-finite type. Gr and J~lag are even ind-schemes. The latter 
is proved in the literature we just cited by embedding LG/K as a closed ind-scheme of the 
corresponding ind-scheme for G = GL r . For K = K n and K = I n the same can be done by 
imposing level structures. In the general case one chooses n such that K n C K. Then LG/K 
is the quotient of LG/K n by the smooth group scheme of finite presentation K/K n . Using 
|LMl Exemple 4.6.1 and Corollaire 8.1.1] one concludes that LG/K is an ind-algebraic space. 

We consider right iY-torsors and LG-torsors for the etale topology on S; see |HVl §2] for a 
thorough discussion of this notion. 

Lemma 2.1. Let G be a pro-unipotent group and H a connected subgroup such that G/H is 
finite- dimensional. Then the quotient map G — > G/H has a section. 

Proof. Note that we do not require H to be normal. As G is pro-unipotent we can choose a 
finite sequence of subgroups Go = G 2 G\ 2 ' ' ' 2 G n = H with Gj/Gj+i = G a for all i. We 
see that G/Gj — > G/Gj_i is a G a = A 1 -bundle over G/Gi—%. Using induction and that line 
bundles over an affine space are trivial we obtain G/G« = A*. As H is pro-unipotent we can 
choose a sequence of subgroups Hq = H D H\ D • • • with P|j>o ^ = (-0 ano - ^i/^i+i — ho- 
using again induction and also a limit argument we see that it is enough to show that we 
have a section G/H — > G/H\. This follows again from the fact that line bundles over A n are 
trivial. □ 

Corollary 2.2. (a) For any n > 0, the projection Kq — > Kq/K u has a section. 

(b) Let I' be a connected subgroup of I containing some K n . Then I — > I /I' has a section. 
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Proof. For n = 1 this is given by the inclusion Kq/K^S) = G{S) G(T{S, O s ){zJ) ^ K Q (S). 
Using the short exact sequence 

-> K x /K n ifo/^n -> #o/^i -> 

and the section for n = 1 we see that it is enough to prove existence of a section for K\ — > 
K\/K n . That follows from the previous lemma. The second part is shown similarly. □ 

Lemma 2.3. Let K C Kq be a subgroup scheme containing some K n . Let S be an ¥ q -scheme 
and let h : S — > LG/K be a morphism. Then over an etale covering S — > S the morphism h 
lifts to an element h 6 LG(S). 



Proof. Let n G N with K n C K. Then LG/K n is a (Ko/K n ) Gr-torsor over the affine 
Grassmannian Gr and a (K/K n ) x ¥q {LG / K)-torsor over LG/K. In particular, the projection 
LG/K n — > LG/K is smooth and the map h lifts over an etale covering S' — > S to a morphism 
/i' : 5" -> LG/K n . 



s S' S 




Consider the composite morphism S' — > LG/K n — > Gr = LG/Kq. By [BD[ Theorem 
4.5.1(iii)] this morphism lifts to an element h G LG(S) over another etale covering S — > S' . 
(Note that in |BD| this is proved to hold even Zariski locally over an algebraically closed field 
of characteristic zero. Using [NP, Lemma 2.1] the proof carries over for our base field ¥ q after 
allowing a finite separable extension of ¥ q .) The two elements h'~ and h of (LG/K n )(S) have 
the same image in Gr. Since 

{LG/Kn) x ¥q (K /K n ) ^ {LG/Kn) x Gr (LG/K n ) , {Kg) -> {h,hg) 

is an isomorphism, there is an element g E {Kq/ K n ){S) with Kg = h'~ in {LG / K n ){S). Coiol- 
lary !2.2( a) implies that g lifts to an element of Kq{S). Replacing h by hg finishes the proof. □ 

Let W = N T {k{{z)))/T(k\z\) be the extended affine Weyl group of G. Here N T is the 
normalizer of T in G. We have W = X*{T)xsW , where W is the finite Weyl group of G. 
Another decomposition of W is Wo^^ where f2 = 7Ti(G) consists of the elements x G W with 
xlx~ l = / and where Wo is a Coxeter group, generated by the (finite and infinite) simple 
reflections Si associated with our choice of /. A reference for properties of W that are less well 
known is [HR| . By the affine Bruhat decomposition we have LG{k) = \J x ^ I{k)xl(k). The 

closure relations between the double cosets are given by the Bruhat ordering on W. I.e. the 
closure of a double coset I{k)xl{k) is the union of the double cosets for y < x. Here y < x if 
and only if there is a reduced expression x = s^ ■ ■ ■ Si n r with red such that y = Sj 1 ■ ■ ■ Sj m T 
for the same r and such that (ji, . . . , j m ) is a subsequence of {h, ■ ■ ■ ,i n )- There is a length 
function on W defined by £{x) = n if % • • ■ Si n r is a reduced expression for x. It satisfies 
£{xy) < £{x) + £{y). The dimension of Lxl/I C Mag is equal to £{x). 
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Lemma 2.4. For x £ W let 1x1 denote the locally closed subscheme of LG whose k-valued 
points are I(k)xl(k). Let S be a scheme. Let g £ (IxI)(S). Then stale locally on S, there 
are elements 11,12 of 1(S) with g = i\x%%. That is, 1x1 is the etale sheaf associated with the 
presheaf S h-> I(S)xI(S). 

Proof We consider the morphism of ind-schemes 1/(1 Hxlx^ 1 ) — > J-lag given by g i— > gx. The 
image consists of the (open) Schubert cell S x = 1x1/ 1. The morphism //(/ D xlx^ 1 ) — > S x 
is a bijection on closed points and on tangent spaces, and both schemes are homogenous 
spaces and hence smooth. Thus 1/(1 n xlx^ 1 ) — > Tlag is an immersion with image S x . Let 
g G IxI(S) and let g be its image in Tlag. Then by what we just saw, g is the image of some 
i € (1/(1 H xIx^ 1 ))(S). By Corollary 12.2( b) we can lift i to an element of I. This element 
satisfies x~ 1 i~ 1 g € L(S), the lemma follows. □ 

3 Local G-shtukas 

In this section we review and slightly generalize the notions of (bounded) local G-shtukas with 
level structure and their Newton points from [HV]. Let 5 be a connected F q -scheme and let [i 
be a dominant coweight of G. 

Definition 3.1. Let K C Kq be a subgroup scheme containing some K n . Then a local G- 
shtuka with K-structure over an F g -scheme S is a pair Q_ = (Q, <f) where Q is a if-torsor over 
S for the etale topology and <p : a*CQ CQ is an isomorphism of LG-torsors over S, where 
CQ is the LG-torsor associated with Q. 

Later on we are mainly interested in the two cases K = Kq and K = I. For P a parabolic 
subgroup of G we also consider local P-shtukas with K n P-structure. They are defined 
analogously as K n P-torsors for the etale topology together with a Frobenius map (p on the 
associated LP-torsor. 

Definition 3.2. A quasi-isogeny between local G-shtukas with iT-structure (G,f) — > (G',<p') 
over S is an isomorphism of the associated LG-torsors / : CQ CQ' with ip'cr*(f) = fip. 
The set of quasi-isogenies between Q_ and 0/ over S is denoted QIsog 5 (£/,£/'). 

Let k be an algebraically closed field and b € LG(k). Then the quasi-isogeny group 
J{,(¥g((z))) of the local G-shtuka with if -structure (iffc,6cr*) can be described analogously 
to the situation for p-divisible groups as follows. 

Proposition 3.3 (Compare [RZ, Propositions 1.12 and 1.16]). Let 61,62 € LG(k). Then the 
functor on the category of ¥ q ((z)) -algebras 

Q(R) := {g^G(R® ¥q{{z)) k((z))): gb x = b 2 a*(g)} 

is representable by a smooth affine scheme over ¥ q ((z)). For b = b\ = 62 it is even a group 
scheme Jb := Q. 

Assume that 61,62 £ LG(k') for an algebraically closed subfield k' C k and let Q' be the 
corresponding functor for k! . Then the canonical morphism Q' — > Q is an isomorphism. □ 
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In particular if Q, = (Kk,bi<j*) then QJsog(Q_ 1 ,Q_ 2 ) = Q(F 9 ((z))). Likewise the quasi-isogeny 
group QIsog(-Kfc, ba*) equals Jb(¥ q ((z))) . If b\, 62, b G LG(k') then all these quasi-isogenies are 
defined over k! . 

Corollary 3.4 (Compare [RZ|, Corollary 1.14]). Assume that b G LG(k) satisfies a decency 
equation of the form 

(b-a*) s := b-a*(b)-...-(a s - 1 )*(b)-(a s )* = z~< ■ {a 3 )* 

where s > is an integer and 7 G X*(T), hence satisfies ^7dom = v in X*(T)q where v is the 
Newton point ofb. Then Jb is an inner form of the centralizer of u in Gr aS ((z))j a, Levi subgroup 
ofG ¥qs([z)) . In particular Qlsog(K k ,ba*) C G(¥ q s((z))) = LG(¥ q s). □ 

Remark. In the sequel we will shorten (and abuse) notation and simply write Jb for the 
quasi-isogeny group J b (¥ q ((z))) of (K k ,ba*). 

Let B C G be the Borel subgroup opposite to B. For a dominant weight A of G let 
V\ := (lnd^(— A)dom) V be the Weyl module of G with highest weight A. It is a cyclic G- 
module generated by a instable line on which B acts through A. Any other such G-module is 
a quotient of V\, see for example pa] II. 2. 13]. For a iT-torsor Q on a scheme S we denote by 
Q\ the fpqc-she&f of O^fz] -modules on S associated with the presheaf 

Y — > (g Ko (Y)x{V(\)® Fq Oslz](Y)))/K (Y); 

compare [HV, Section 3]. Here Qk is the ifo-torsor associated with Q. 

Definition 3.5. (a) Let Q and % be .ff-torsors on S and let 5 : CH CQ be an iso- 
morphism of the associated LG-torsors. The isomorphism 5 is bounded by /j if for each 
dominant weight A of G 

S(Hx) C z -((^ho^)g x c g x ® 0sM O s ((z)) and 
Ji = ~fig(s) in tti(G) for all s G S. 

Here ns(s) is the unique dominant element with g G Ko(k(s))z^ s ^ Ko(k(s)) for some 
g G LG(k(s)) with <J(ft) = <?(£) C LQ. 

(b) A local G-shtuka with iT-structure (Q, ip) over S is bounded by fi if the isomorphism 

</? : a* LQ 

is bounded by /x. 

(c) Let a; G W. A local G-shtuka with /-structure Q_ over S 1 is of affine Weyl type x if etale- 
locally on S, it is isomorphic to a trivial J-torsor Is with ip = ba* for some b E I(S)xI(S). 

Let £ be a local G-shtuka with iT-structure over an algebraically closed field fc. Then 
(/Ko is isomorphic to the trivial -K"o-torsor on k and the Frobenius is given by some element 
b G LG(k). By [HV] Lemma 3.12] there exists some coweight zz such that Q_ is bounded by 
\x. The least such coweight fj,g is the Hodge polygon or Hodge point of Q_. It is the unique 
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dominant coweig ht with b € K (k)z^K (k). In [HV] Theorem 5.6, Proposit ion 5.9, Theorem 
9.5, Remark 9.4 (b), and Proposition 3.16] (for the case where £ = 0) we proved the following 
proposition for K = Kq, respectively K = I. Its generalization to arbitrary K is proved in the 
same way. 

Proposition 3.6. Let G = (K^^ba*) be a local G-shtuka with K-structure over a field k' 
bounded by n (respectively of affine Weyl type y if K = I). Then the universal deformation 
°f by local G-shtukas with K-structure bounded by fi (respectively of affine Weyl type y) is 
pro-representable by a complete noetherian local ring T> of dimension (2/9, /u) (respectively of 
dimension £(y), the length of y). The universal local G-shtuka with K-structure over SpfD 
comes from a local G-shtuka with K-structure over Spec£>. □ 



Finally we will need the following fact which is a straightforward generalization of [HV, 
Theorem 6.2] (in the case where £ = 0). 

Proposition 3.7. Let X be an ¥ q -scheme. Let b € LG{X) and consider the local G-shtuka 
with K-structure H = (Kx,bo~*) over X . Then the ind-scheme (LG/K) Xf q X pro-represents 
the functor from X -schemes to sets 

S i — > | Isomorphism classes of pairs (G_, p) where Q_is a local G-shtuka 
with K-structure over S and p : G_—t 2Ls ^ s a Quasi-isogeny^ 

Here (Q_, p) and p') are called isomorphic if there is an isomorphism a : Q_ with 
p = p' o a. □ 



4 Completely slope divisible local G-shtukas 

For a parabolic subgroup P C G containing T but not necessarily B let M be the Levi factor 
containing T and let N be the unipotent radical of P. Let P be the opposite parabolic and N 
its unipotent radical. Denote by Wm the extended affine Weyl group of M. It is canonically 
a subgroup of W. 

Let K be a subgroup scheme of /. We define the group schemes Km , Kn > and Kjj by their 
values on F^-algebras R 

K M (R) := K{R)nM{R\z\) , K N (R) := I(R)nN(R{z}) , Kj^R) := I(R) D ~N(R[z]) . 

Let us recall the definition and some of the main properties of fundamental alcoves from 
|GHKR2| . 

Definition 4.1 ([GHKR2, Definition 13.1.2]). An element x G W is called P -fundamental, or 
a fundamental P-alcove if x E Wm and if xIm% = Im> xljyx^ 1 C In, and x Ij^x C Ijj. 

Remark 4.2. (a) |GHKR2[ Corollary 13.2.4] Let b G LG(k) for some algebraically closed 
field k. Then there is an x 6 W which is P- fundamental for some P and such that 
b = g~ l xo~*(g) for some g E LG{k). 
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(b) [GHKR2| Proposition 6.3.1] If x is P-fundamental, and g G I(k)xl(k) then there is an 
h G I{k) with h^ga*^) = x. 



(c) [GHKR2| Corollary 13.2.4], [Vi41 Lemma 9] All elements x as in (a) are obtained as 
follows. Let v be the Newton point of b and let M v be the centralizer of v. Then the 
(7-conjugacy class [b] of b contains a uniquely determined element x^ G Wm v such that x\> 
has length zero with respect to M v and InM^, and the Mj,-dominant Newton point of Xb 
equals v. It is called the standard representative of [b]. Let P be the standard parabolic 
subgroup with Levi component M u . Then there is an element w G W of minimal length 
in its coset Wm v • ^ such that x := w^x^w G [6] is w _1 Pu)-fundamental, and all x G [6] 
that are P-fundamental for some P arise in this way. 

(d) [Vi4l Lemma 9 (c)] Let x be P-fundamental, and M' the centralizer of its M-dominant 
Newton point. Then M' D M and x is also P'-fundamental for P' = M'P. 

(e) Let x G be P-fundamental for P = MiV and assume that M is the centralizer of 
the M-dominant Newton point v x of x. Then for any d G N there is an / G N with 

X 1 InX~ 1 , X~ l IjfX l C Irf. 

Indeed, let t > such that x* G X*(T) C 1%. Then by our choice of M, we have 
(a, x l ) = (a, tv) > for all roots a of N and (a, x*} < for all roots a of N. 

Lemma 4.3. Let x be a P-fundamental alcove where P is such that the Levi subgroup M of 
P equals the centralizer of the M-dominant Newton point of x. Let N be the unipotent radical 
of the parabolic opposite to P and let n G LN(S) for a quasi-compact scheme S. Then there 
exists an integer Iq G Z with n G x~ l °Ijj-(S)x l ° . In particular n is bounded. 

Proof. Since S is quasi-compact LN{S) = N(V(S,O s ((z)))) = N(T(S,O s )lzl[j\). Again by 
the quasi-compactness of S, the argument given in Remark I4.2|(e)| implies that x tl nx~ tl G Ijj 
for I 0. Also the boundedness of n, that is of the automorphism 5 of LGs given by left 
multiplication by n, follows from this and from the fact that p,$(s) = for all s G S. □ 

Example 4.4. Let G = GL5 with B being the Borel of upper triangular matrices, and let 
b = (12)(354)z( 1 ' ' 1 ' ' ) . Then b has Newton point (|, |, |, |, |) and is already the standard 
representative of its class [b]. In this example, the only fundamental alcove in [b] is x = 
(13)(254)z 1 ' 1 ' - ' = w^bw for w = (23). In particular, we see that we cannot choose x to be 
P-fundamental for a standard P. 

Lemma 4.5. Let b G LG(k) and let x be a P-fundamental alcove in the a-conjugacy class [b]. 
Then 1x1 C [b] is closed in [b]. 

Proof. Recall that the closure of 1x1 is the union of all Iyl with y < x in the Bruhat order. 
Assume that there is some g G Iyl with y < x and g G [b]. Then by |GHKR2[ Corollary 12.1.2] 
or [Vi41 Proposition 12], there is a w G W with w^xw < y. By [GHKR2, Proposition 13.1.2] 
we have £(x n ) = n(2p,Vb) = n£(x) for each n G N where p is the half-sum of the positive 
roots and where i^, is the Newton point of b. Furthermore n£(w~ l xw) > £((w~ 1 xw) n ) = 
£(w~ 1 x n w) > n£(x) — 2£{w) for each n, hence £{w~ l xw) > l(x). Thus w~ l xw = y = x. □ 
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The following lemma is a scheme-theoretic version of a special case of the Iwahori decom- 
position. 

Lemma 4.6. Let K be a subgroup scheme of I such that K(S) Z> T(T(S,Os)\zf) for every 
Fq-scheme S. Then every element g £ K(S) has uniquely determined decompositions g = nmn 
and g = n'm'n' for elements m,m' £ Km(S), n,n' £ Kpj(S), and h,n' £ Kjf(S). 

Proof. As K(k) D T(fc[z]), the group scheme K is generated by T^Jz]]) and all afhne root 
subgroups in K. There is a filtration K = G\ D G2 D G3 D ■ ■ ■ such that G2 is the unipotent 
radical of K, each Gi is a normal subgroup of K defined over ¥ q and for i > 2, we have that 
Gi/Gi + \ = G a is generated by one of the affine root subgroups. Indeed, it can be obtained by 
intersecting a suitable filtration of I by Moy-Prasad subgroups with K. We first decompose 
g as (?i<72 with g± £ T(T(S,Os)lzf) C Km(S) and 52 £ G^^S 1 , OsOlz]). As each affine root 
subgroup is contained in one of the subgroups Km , , Kjj, one can then inductively construct 
decompositions of g modulo some Gi. By passing to the limit one obtains the decompositions 
above. The uniqueness follows from the fact iV n MN = {1}. □ 

Definition 4.7. A bounded local G-shtuka with /-structure Q_ over an Fq-scheme S is called 
completely slope divisible if there exists a parabolic subgroup P of G containing T, a local 
P-shtuka with I n LP-structure P = (V, <p) over S, and a P-fundamental x such that 

• Q_ = i^p_ where i : P G is the inclusion morphism, 

• etale-locally on S the Frobenius <p is represented by an element of x ■ (LP n L)(S). 

Note that by Remark [4 . 2 1 (d ) | one can always enlarge M, P and P and assume that M equals 
the centralizer of the M-dominant Newton point of x. See Section [5] for a comparison to the 
corresponding (but slightly weaker) notion for p-divisible groups defined in \OZ\ Def 1.2]. 

Proposition 4.8. Let x be P -fundamental for a parabolic P = MN D T in which M is the 
centralizer of the M-dominant Newton point of x. Let g £ L(S)xL(S) for an ¥ q -scheme S. 
Then there is an element h £ L(S) with h~ 1 ga*(h) = xp for p £ Lm(S)Ljj(S). In other words, 
the local G-shtuka with I-structure defined by g is completely slope divisible. 

Proof. By induction on I we prove the following 

Claim. For any I £ N there exists an element hi £ L(S) with h7 ga* (hi) = xpiri for elements 
pi £ I M {S)I W (S) and ri £ x l I N (S) X - 1 . We can choose the hi such that h^hi £ x 1 Ln(S)x 1 . 

To prove the claim for I = we write g = hoxh' with ho,h' £ I(S). Then h,Q l ga*(ho) = 
xh' a*(ho) with h' Q a*(ho) £ L(S) = Im(S)Ij^(S)L n (S) by Lemma IP1 Now assume that the 
claim holds for I. By Lemma 14.61 for the group K = I n x l Ix~ l = (x l I N x- l )L M I w we write 
piri = nimifii with m £ x l Ljy(S)x~ l , mi £ Lm(S), and fii £ Ij^(S). Setting hi+x := /i;xn/x _1 
we compute 

/i H 1 1 5rcr*(/ii+i) = xnY 1 x~ l h^ 1 ga*(hi)xo-*(ni)x~ 1 = xmifiixa* '(ni)x' 1 = xpi + in +1 

for pi + i = mifii € Im(S)Ijj-(S) and r/ +1 = x(T*(n/)x _1 £ x /+1 i7v(<S') a:; ~ ( ' /+1 ^ • This proves the 
claim. 
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By Remark 14.21 (e) , we have that for every d G N there is an I G N such that for all integers 
V > I 

h- x h v G x l I N {S)x~ l C K d . 

This implies that the sequence hi converges to an element h G I{S) in the z-adic topology. 
Also MN niV = {1} implies that ry = ri = 1 (mod z d ) and pz' = pi. Hence the pi converge to 
an element p G Im(S)Ijj(S) and the r; converge to 1. Altogether we find h~ 1 ga*(h) = xp as 
desired. □ 

The proposition implies the following characterization of complete slope divisibility (use 



Remark 0T2] (e) ) 



Corollary 4.9. A bounded local G-shtuka with I-structure Q_ over an ¥ q -scheme S is completely 
slope divisible if and only if there is a P -fundamental element x G W for some parabolic P D T 
such that etale-locally on S, Q_ is isomorphic to (Is,go~*) with g G I(S)xI(S). □ 

Remark 4.10. Let £ be a completely slope divisible local G-shtuka with /-structure over an 
algebraically closed field k and let x be the associated fundamental alcove. Then by Remark 
I42l[(b)| there is a trivialization of the I-torsor such that the Frobenius is given by xa* . 

Lemma 4.11. Let x G Wm be P -fundamental for P = MN where M is the centralizer of the 
M-dominant Newton point of x. Let fi € LN(S) for a noetherian ¥ q -scheme S and fix some 
d G N. Then n is bounded, i.e. contained in x~ l ° Ljj(S)x l ° for some Iq € Z, and there is a finite 
surjective radicial morphism S' — > S and an element h € x~ l ° Ljj(S')x l ° with h~ l xna*{h) = xn' 
for n' € Ljj(S') fl Ld(S') . If S is local with closed point s and if the reduction of n in s is equal 
to 1, then h can be chosen such that its reduction in s is also equal to 1. 

Proof. The boundedness of n and the existence of Iq G Z with n € x~ l ° Ijj-(S)x l ° follows from 
Lemma 14.31 We use induction on / > Iq and construct finite coverings Si — >■ S and elements 
hi G x~ l ° Ijj(Si)x l ° with hY 1 xna*{hi) = xfi[ such that n; = x~ l y\x l G x~ l I-^(Si)x l . Choosing 

S, hi = 1, and 



I big enough suffices for our purpose by Remark 14.21 (e) . We start with 5/ = o , n/ 
n/ = n. Assume we already found Si and hi. Since Ijj/x^Ijjx is a scheme of finite type 
over ¥ q , its g-Frobenius endomorphism a is finite surjective. Consider the cartesian diagram 
in which the lower horizontal morphism is given by the element yf 1 6 Ijj(Si) 



S, 



Vl 



-1 



Vl 



a 



Then - > Si is also a finite surjective radicial morphism. The upper horizontal morphism 
is given by an element y^ 1 G I w (Si +1 ) with cr*^ -1 ) = yf 1 (x~ 1 fix) for an ft G Set 
hi+i = hix~ l yf 1 x l . Then 



h^xna* (h i+1 ] 



x l yix xx yix l x o-*(y t )x 

xix-^mfix 1 ^ 1 ). 



12 



Let yi +1 := yifi G I w (Si + x). Then 

n l+l = x-^y l+1 x l+1 G x-^I w (S l+1 )x l+1 

as desired. Let I be big enough such that x~ l Ijj-x l C Id- We stop the iteration at I to find 
a finite surjective radicial morphism S' := Si — > S, an element h := hi G x~ l ° Ij^(S')x l ° with 
ft, _1 scn<T*(/i) = xn' for n' := € Ijj(S') PI Id(S'). The last assertion also follows from the 
explicit construction of the elements /i;. □ 

Over a perfect field fc the proof has the following 

Corollary 4.12. Lei a; G 1% 6e P -fundamental for P = MN where M is the centralizer 
of the M -dominant Newton point of x. Let n G x °Ij^(k)x l ° for a perfect field k and some 
Iq G Z. Then there is an element h G x~ l °Ij^(k)x l ° with h~ 1 xna*(h) = x. 

Proof. In the proof of Lemma f4. Ill we have Si = Spec k for all I with the morphisms Si + i — > Si 
being the Probenius automorphism. Here we do not stop the iteration. Instead we let h be the 
limit of the hi. It exists because the x~ l yf 1 x l & x~ l Ijj(k)x l and the n; € x~ l Ijj(k)x l converge 
to 1. □ 

Proposition 4.13. Let % be a local G-shtuka with K -structure over an algebraically closed 
field k. Let fi G X*(T) be dominant. Then up to isomorphism there exist only finitely many 
quasi-isogenies p : Q_ — > % bounded by fi with Q_ a completely slope divisible local G-shtuka with 
K-structure. Here we say that p : Q_ — > "H and p' : — > % are isomorphic if there is an 
isomorphism a : Q_ s± + Q_ with p = p' o a. 



Proof. By Remark 14.2 
P- fundamental x. By 



(a) there is a quasi-isogeny rj : % — > H with % = (Kk,xa*) for some 
HV\ Lemma 3.11] the quasi-isogeny r\ is bounded by its Hodge point 
p v . If p : Q_ — >• 2L is a quasi-isogeny bounded by p, then 77 o p is bounded by p + p v . Hence we 
may assume that T-L = Ji- Note that there are only finitely many possibilities for the parabolic 
subgroup P. By Corollary 14 . 9 1 and Remark l4.2j(b)| and |(d)| we may assume that Q_ = {Kk,x'a*) 
for some P'-fundamental x' such that P' is the centralizer of the M'-dominant Newton point 
of x' . As G_ and % are isogenous, Remark I4.2l|(c)| and |(d)| imply that we may assume that 
x = x' and P = P' . Then the quasi-isogeny is given by an element h G Qlsog^/t, xo~*) which 
is bounded by p. Since x is decent, Corollary 13.41 shows that there are only finitely many such 
quasi-isogenies. □ 

Theorem 4.14. Let S be an integral noetherian ¥ q -scheme and let g G LG(S) such that the 
a-conjugacy classes of g s in the geometric points s of S all coincide. Let x be a P -fundamental 



alcove associated with this a-conjugacy class as in Remark \4-.S\ (a). Then there are morphisms 



S — > S' A- S with S' integral, a finite surjective, and (3 an etale covering, and a bounded 
element h G LG{S) satisfying h~ l g^a* '(h) G I(S)xI(S). 

The Theorem is an analog of [OZ] Lemma 2.4]. 



Proof. Let L be an algebraic closure of the function field L of S. By Remark 14.21 (a) there is 
an h G LG(L) with h~ 1 gj^a*(h) = x. The image of h in the affine flag variety lies inside a 
closed Schubert cell C C J-lag. Note that C is a scheme which is projective over ¥ q . Hence 
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by multiplying h with an element of I(L) on the right we may assume that there is a finite 
field extension L'/L and an h' L , G LG(L') with (h! L ,)- x g L , a*(h' L ,) G I(L')xI(L'). Let 5' be 
the scheme theoretic closure of the /'-valued point h' L , inside C x^ q S, and let a : S' — >■ S and 
h! : <S" — > C C .Hag be the projections. Then 5' is irreducible and reduced. Over an etale 
covering (3 : S — > S" the map /i' is represented by an element /i G LG(S) due to Lemma 12.31 

Consider the S- valued point h~ 1 g s -a*(h) of the affine flag variety J-lag. By construction 
it lies generically in Ixl/I. So it lies inside the closed Schubert cell Ixl/I C J-lag. By 
assumption it lies in the Newton stratum of x inside 1x1/ 1. By Lemma I3~5l 1x1/ I is closed in 
this Newton stratum. Hence the point lies in Ixl. By Lemma 12.41 we find that h~ 1 g s ~a*(h) 
lies in I(S)xI(S). 

It remains to show that the morphism a : S' — > S is finite. For this consider the Stein 
factorization S' — > S" — > S with S" = Spec a*Os> ■ Then S" — > S is finite and 7 : S' — > S" has 
connected fibers [EGA, III, Corollaire 4.3.2]. We reduce to the following 

Claim. For any point s G S" the fiber S' s = 7~ 1 (s) is mapped under h' : S' — >■ C to a single 
point in C. 

Indeed, by \07\ Lemma 2.6] the claim implies that the morphism b! : S' — > C factors through 
S", and thus S' = S" by definition of S' . Let us prove the claim. Consider the local G- 
shtuka with /-structure % = (Is, gey*) over S. By Proposition 13.71 the map h! : S' — > Hag 
uniquely determines a local G-shtuka with /-structure Q_ over S' together with a quasi-isogeny 
p : G_—> lLs> U P t° isomorphism. Its pullback to S is trivialized G§ — (Ig, h~ 1 gg^y*(h)a*) and p 
is given by multiplication with h; compare the proof of Theorem 6.2]. The quasi-isogeny 
p is bounded by some dominant p G X*(T) because h! lies in the Schubert cell C(S'). Since 
h^ 1 g^a*(h) G I(S)xI(S), Corollary 14.91 tells us that Q_ is completely slope divisible. Now fix a 
point s G S" and consider the base changes of % to the residue field k(s), and of Q_ to the fiber 
S' s over s. Then we are in the situation of Proposition 14. 131 and we conclude that the image of 
h! : S' s — > C is a finite set of points. Since S' s is connected, this image must be a single point 
in C. This proves the claim and the theorem. □ 

Corollary 4.15. Let R be an integral noetherian complete local ring with algebraically closed 
residue field k. Let Q_be a local G-shtuka over Speci? with K -structure whose quasi-isogeny 
class in all geometric points of R is constant. Let x be a P -fundamental alcove corresponding to 
this quasi-isogeny class. Let po be a quasi-isogeny between the fiber of Q_ over k and (K^,xa*). 
Then for each fixed d G N there exists a finite integral extension R" D R and a bounded quasi- 
isogeny p : % — > Q_ RII of local G-shtukas with K -structure over Speci?" with reduction pt = po, 
where "H has a trivialization % = (Kr» ,xno~*) with n G I,jt(R") and reduction = 1. 

Note that for K = /, the local G-shtuka with /-structure % is completely slope divisible, 
compare Corollary 14.91 

Proof. Since R has no non-trivial etale coverings, there is a trivialization Q_ = (Kr, go**). Thus 
the assertion is equivalent to the existence of R" and an element h G LG(R") with reduction 
po over the special point such that h~ l go~*(h) = xn with n G I d jr(R"). Note that by [HV, 
Lemma 3.13] the boundedness of h and p is automatic because R" is integral. 

Theorem 14.141 yields a finite surjective morphism S' = Spec R' — > S = Spec R with R' 
integral and an element hi G LG(R') = G(R'((z))) with b' := (h^g^a^hx) G I(R')xI(R'). 
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Indeed, observe that the etale morphism (3 : 5 — > S' from Theorem 14.141 is an isomorphism 
because also R' is complete with algebraically closed residue field. By Proposition 14.81 we 
may further assume that b' = xmn\ G x Im{R')Ijj(R') where M is the centralizer of the M- 
dominant Newton point of x and P C MN. Since xm is basic in M, [HV[ Proposition 8.1] 
yields an element hi G M(R'((z))) which cr-conjugates xm to x. Hence h^b 'a* '{h?) = xn! 
for n! := a* \h^)~ l fiia* Q12) G N(R'((z))). Let n' k be the reduction of n' in the special point. 
Then n' k G x~ l °I w {k)x l ° for some Iq G Z by Lemma 14.31 Corollary 14.121 shows that there 
is an ft^fc G x~~ l °Ijf(k)x l ° with h^\xn' k a* (/13,/c) = %■ We lift the element hs,k to an element 
/13 G x~ l ° Ijy(R')x l ° . This is possible since Ijj is pro-unipotent. Replacing /12 by /12/13 we see 
that we may in addition assume that n' k = 1. The given quasi-isogeny po corresponds to an 
element h G LG(k) with jo = h~ 1 (h\}i2)k €E J x (k)- There is a lift j G J X P\LG{R!) of jo because 
x G LG(¥ q ) is decent, hence jo £ £G(F g s) by Corollary 13.41 and F q s c i?' since k contains 
Fg lg and R' is henselian. Replacing h,\h,2 by h\h2j~ 1 we see that we may in addition assume 
that {h\h2)k yields the given isogeny po between Q_ k and (Kk,xa*). We now apply Lemma 
14.111 for n' (with some possibly different Iq) and the constant d and obtain a finite extension 
R" of R' and an element /14 G N(R"((z))) with (/i4)fc = 1 such that h^ 1 xn' 'a* {h/Cj = xn with 
n G I d jj(R"). Setting h = /11/12/14 proves the assertion. □ 



5 The general linear group 

In this section we compare our notion of completely slope divisible local G-shtukas to Zink's 
notion of completely slope divisible p-divisible groups. To make the parallel more visible we 
also explain the relation to local shtukas (which are described via locally free sheaves and 
correspond to local G-shtukas for G = GL r ). We denote by a* the endomorphism of 0s [2] 
and Os((z)) that acts as the identity on the variable z, and as b 1— > b q on local sections b G O5. 
For a sheaf V of Osfz] -modules on S we set a*V := V <S>e> s [z]],<7* Cs 1 !- 2 ]- 

Definition 5.1. A local shtuka over an Fg-scheme S (of rank r) is a pair V = (V,(p) where 
V is a sheaf of OsfzJ-modules on S which Zariski- locally is free of rank r, together with an 
isomorphism of 0s((z))-modules ip : a*V ®o s l4 ®s{{z)) V ®o s M ®s((z))- 

A quasi-isogeny between local shtukas (V,<p) — > (V',(p') is an isomorphism of Os((z))- 
modules / : V ® 0s[jb] O s ((z)) ^ V ® 0sl4 O s {{z)) with ip'a*(f) = ftp. 

Lemma 5.2 ( [HVl Lemma 4.2]). The quasi-isogeny categories of local GL r -shtukas with Kq- 
structure over S and of local shtukas over S are equivalent. In particular the trivialized local 
GL r - shtuka with Kq- structure {Kqsi9°~*) over S corresponds to the trivialized local shtuka 
(Oslzf r , V = ga*). □ 

Definition 5.3. For general G a local G-shtuka with ifo-stxuctvrre Q_ = (Q, ip) over an ¥ q - 
scheme S is called completely slope divisible in the sense of Zink if there exists a standard 
parabolic subgroup P C G with opposite parabolic P, a local P-shtuka with LP n -Ko-structure 
P = (V, <p) over S, an integer s > 0, and a central cocharacter u : G m — > M which is 
G-dominant (M is the Levi component of P containing T) such that 

(a) Q_ = i*V_ where i : P G is the inclusion morphism, 
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(b) If V_ S i is trivializable for some S' -ft S then with respect to every trivialization, z ^ip s is 
represented by an element of P(T(S', Ogi)lzf). 

Assume that the second condition holds for some trivialization of Q_ s ,. The element b 
obtained from any other trivialization differs from the old by u-conjugation with an element 
of P(T(S' ,Os'){zf) . Thus it automatically also satisfies the second condition. Also, being 
completely slope divisible in Zink's sense is a local property. 

Proposition 5.4. Let G = GL r . Then a local GL r -shtuka with K^-structure Q_ over S is 
completely slope divisible in the sense of Zink if and only if its associated local shtukaV = (V, <p) 
satisfies the following condition: 

There is a sequence of local quotient- shtukas V = V e — ft Ye~i —ft . . . — ft V\ —ft Yo = (0) and 
integers t\ > . . . > t e and s > such that for all 1 < i < e 

(a) z-^ip s ((a s )*Vi) C Vt and 

(b) on Wi := ker(V^ — ft Vi-i) the map z~ li {p s : (a s )*Wi -^-ft W% is an isomorphism. 

Note that the latter condition is indeed the same as complete slope divisibility in [OZ, 
Definition 1.2] when one views local shtukas as analogs of the contravariant Dieudonne modules 
of p-divisible groups. 

Proof. Assume that Q_ is completely slope divisible in the sense of Zink and let P, M, fx, s,V_ 
be as in Definition 15.31 We may even assume that M is the centralizer of fi after possibly 
enlarging M and P. We pass to an etale covering S' — > S in order to choose trivializa- 
tions of P and Q_ such that z~^ip s = pa* with p E P(T(S',0 S ')lzf). By our choice of B 
as the upper triangular matrices, M consists of all block diagonal matrices of fixed block 
sizes d\, d2, ■ ■ ■ , d e and P consists of the corresponding lower triangular block matrices. The 
successive projections onto the upper left blocks uniquely defines a sequence of local quotient- 
shtukas V$' = Ve V_e-\ ■ ■ ■ Yi ~^ Yo = (0) over S'. Namely V{ is spanned by the first 
d\ + . . . + di basis vectors. By its uniqueness this sequence descends to S. The GL r -dominant 
cocharacter [x can be written as 

fl = (ti, . . . , t\ , t2, ■ ■ ■ , *2 , • • • > te, ■ ■ ■ > te) 

with t% > t2 > • • • > t e since M is the centralizer of /x. Then z~ li ip s = z^~ li p and this implies 
(a) and (b) because [i is central in M. 

Conversely assume that Q_ satisfies the condition of the proposition. Over a Zariski-covering 
S' — > S we can successively choose compatible trivializations of all Wi and Vi as free O^/Jz]- 
modules. We order the obtained basis vectors of V such that the first d\ + . . . + di of them 
project onto a basis of V%, where di = rkWj. With respect to this basis the Frobenius of 
Y is given by an element p 1 € LP(S') for P the parabolic consisting of the lower triangular 
block matrices whose Levi component M contains all block diagonal matrices with block sizes 
d\, . . . , d e . The opposite parabolic P is standard. The local P-shtuka with LP n i^o-structure 
V_ = ((LP n Kq)s>, p'(J*) over S' descends to a local P-shtuka P over S which satisfies 
Q_ = i*P. Let fi be the GL r -dominant cocharacter with weights ti of multiplicity di. Then 
fx : G m ->TcMis central in M. By (a) the Frobenius z~^tp s = z~^p'a*(p')-. . ■■(o- s ~ 1 )*(p l ) lies 
in r(S", O s >)\z\ rXr By (b) its Levi part, that is its semi-simplification, lies in M(T(S', O s >)\z\). 
Altogether this implies that z~^Lp s € P(T(S', Os>)lzf) and the proposition is proved. □ 
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Lemma 5.5. A local G-shtuka with K^-structure Q_ over S which is completely slope divisible 
(in the sense of Definition \4- 7j ) is completely slope divisible in the sense of Zink. 

Proof. As both conditions are local on S we may replace S by an etale covering and assume 
that Q is trivializable. Since Q_ is completely slope divisible we may choose a trivialization 
Q_ = (ifo,s, bo*) with b = xmn and m £ Im(S), n G Ijj-(S). Then 

cp s = x s ■ i~ (s_1 'mra s_1 • . . . • x~ l {o- s ~ 2 )* (mn)x ■ (a s ~ l )*{mn) =: x s ■ p . 

Since x is P-fundamental we obtain p 6 Im{S)Ijj(S) C P(T(S,Os)lzf). Taking s > such 
that n := x s G X*(T) C the assertion follows. □ 

6 Central leaves and the product structure on Newton strata 

Definition 6.1. Let ¥/¥ q be a field extension and let G be a local G-shtuka with K-structure 
over F. Let S be a noetherian F-scheme and let Q_ be a bounded local G-shtuka with X-structure 
over S. Consider the subset 

^G,S = {s € S : G fc = Q_ s <S>k(s) k over an algebraically closed field fc//c(s)}. 

By Corollary 16.71 below it is a locally closed subscheme. Any geometrically irreducible compo- 
nent of Cq s with the induced reduced subscheme structure is called a central leaf corresponding 
to G in S. Note that possibly the central leaves are only defined over a finite extension of F. 

Lemma 6.2. Let F D ¥ q be a field and let S be a reduced IF '-scheme. Let G = (K^,bo~*) 
and Q_ = (^Ks,go~*) be local G-shtukas with K-structure overF, respectively over S. Then the 
central leaf C^s is constructible in S. In particular it contains a subset U C C^s which is 
open and dense in the closure o/Cg,5- 

Before proving this Lemma we provide two boundedness results. 

Lemma 6.3. Let fi 6 X*(T) be dominant. Then there is a positive integer e = e(/i) 6 N such 
that for every ¥ q -scheme S and for every h G LG(S) which is bounded by /i 

hln+etS)^ 1 C I n (S) for all n. 

Proof. It is enough to consider the case that h corresponds to the generic point of Kqz^Kq 
(as every h as in the assertion lies in the closure of that point). Especially S = Spec A/ for a 
field k'. We decompose h as g\z^g2 for 51,52 G Ko(k'). As Ki is a normal subgroup of Kq for 
each i we have hI n+e (S)h^ 1 C hK n+e (S)h^ 1 = giz^K n+e {S)z^ ll g^ 1 . Choosing e so large that 
z^K n+e z~^ C K n+ \ C I n the lemma follows. □ 

We call a subset of LG(k) = G(A;((z))) bounded if it is contained in a finite union of Ko(k)- 
double cosets K^tyz^K^k) for dominant [i G X*(T). 

Lemma 6.4. Let B be a bounded subset of LG(k) for an algebraically closed field k and let K 
be an open subgroup of LG. Then there is a constant c = c(B, K) G N such that for each b G B 
and each h G I c (k) there is an f G K(k) with bh = f~ 1 ba*(f). 
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Proof. In [HV1 Theorem 10.1] a slightly stronger statement was proved for the case K = I n 
for some n. As the subgroups I n are cofinal in the set of open subgroups of LG, the lemma 
follows. □ 



Proof of Lemma \6.2l Let [i be the Hodge point of b~ l and let e = e(/i) G N be the constant 
from Lemma 16.31 Also let B = {b} and let c = c(B, K) be the constant from Lemma 16.41 We 
consider the functor on the category of S'-schemes X 

Y(X) = {f:X^K/I c+e : b x l f~ l g x a* '(f) G I C (X)} 

Here the condition b^ 1 f~ 1 gx°~*(f) G Ic(X) means the following. Over an etale covering X of 
X the morphism / is represented by an element / G K(X). Then the condition is independent 
of the covering X and the choice of the element /. Indeed if / = fh with h G I c+e (X) then 

b-^r l g^{f) = (bfh-^b-Jr^ifw^h). 

By Lemma [6.3l the terms b~ 1 h~ 1 by and o~*(h) lie in I C (X). This shows that Y is well defined and 
is representable by a scheme of finite type over S which is a closed subscheme of [Kj I c + e ) Xf 9 S. 
We claim that Cg,s 1S the image of the morphism Y —■ S. From this the lemma follows by 
Chevalley's theorem jEGAl IVi, Corollaire 1.8.5] and [EGA! 3 , Proposition 9.2.2]. 

To prove the claim let s G Cg,S> let k be an algebraically closed field, and let f s G K{k) be 
an isomorphism G k £ s <8>fe( s ) A;, that is f^ l g s o~*(f s ) = &s- Then in particular f s G Y[k) is 
a point mapping to s G Cg,,S- Conversely let s G 5 lie in the image of a point / s G Y[k) for an 
algebraically closed field k, that is / s G K(/c) with bj 1 f~ 1 g s a*(f s ) G I c {k)- Then Lemma l6~4l 
yields an Z G if(&) with f^ l g s o~*(fs) = l~ l b s a*(l). Thus / s £ _1 is an isomorphism G s -^-4 Q_ s 
and so s belongs to C<g,S- D 

To state the result on the product structure on Newton strata we need a generalization 
to more general K of affine Deligne-Lusztig varieties. Let b G LG(k). Let /x G _X*(T) be 
dominant. Then the affine Deligne-Lusztig variety associated with (b, /x, K) is the reduced 
subscheme X^^ib) of LG/K defined by 

X^ K (b)(k) = {ge LG/K(k) : g'Ha^g) G ir (fc)^iT (fc)}, (6.1) 

i.e. it is simply the reduced inverse image of X^ib) = X^x^ip) under LG/K — > LG/Kq. The 
closed affine Deligne-Lusztig variety is X^^^ib) = U//^ X^^ib). Note that one could replace 
the condition in (|6.ip by any condition of the form g^ba*^) G B for some bounded subset 
B of LG which a union of i^-double cosets. In this way one obtains finer notions of affine 
Deligne-Lusztig varieties. Of particular interest is the case K = I where the set of double 
cosets is parametrized by W . For y G W, the affine Deligne-Lusztig variety X y (b) associated 
with (y, b) is defined as the reduced subscheme of the affine flag variety with 

X y {b)(k) = {g G LG/I(k) : g- l ba*(g) G I(k)yl(k)}. (6.2) 

Theorem 6.5. Let G = (K k ,ba*) be a local G-shtuka with K-structure over an algebraically 
closed field k bounded by a dominant fi G X*{T) with Newton point v. Let M v be the New- 
ton stratum of [b] in the universal deformation space of G bounded by n (Proposition \3.6) ). 
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Let x be a P -fundamental alcove associated with [b] where the Levi subgroup M of P equals 
the centralizer of the M-dominant Newton point of x. Then there is a reduced scheme S 
and a finite surjective morphism S — » M v which factors into finite surjective morphisms 

S A X^kQ))* Xfc (Ijf/x^ 1 Ijj-x) A A M v . Here X^ K (b) A and (Ijj / x^ 1 Ijjx) A denote the 
completions of X^kQ)), respectively Ij^/x -1 1-^x at 1. Furthermore, Cg,a/^ * s geometrically 
irreducible and equal to the image of {l}xfc(I^/;c _1 ijyx) A inj\f u . 

In particular, X^K(b) A ><k (-^v/ x_1 ^lv x ) A ano - ^ v are isomorphic up to finite surjective 
morphisms and there is a unique central leaf containing the special point of M v . Oort [OoJ 
proves a similar product decomposition of the Newton strata in the deformation space of a 
p-divisible group and in the Siegel moduli space. Theorem 16.51 is a generalization to arbitrary 
split reductive groups and level subgroups K of the translation of his result to the function 
field case. 

Note that we do not claim that S or the morphisms occurring in the theorem are canonical. 
They will depend on various choices made in the course of the proof. 

Proof. Step 1. Let g G LG{k) with g~ 1 xa*(g) = b. In order to make the proof easier to digest 
let us explain its structure. The key observation is the following. Let T be a &;-scheme, let n be 
a positive integer and consider T-valued points h G LG(T) and 5 G x~ n Ijj(T)x n C I(T) such 
that the induced morphism h : T — > LG/K factors through X^^Kip)- Then we can construct 
out of (h, 5) the local G-shtuka [Kt, (gh)~ 1 xSa*(gh)) which has two desired properties. Firstly, 
it has constant Newton point v since all elements of xL(T) have constant Newton point v by 
Remark EO|(b)[ Secondly, from h G X^ K (b)(T) we obtain that (gh)' 1 xa* (gh) = h~ l ba*{h) is 
bounded by [i. If we choose n big enough, we may hope that a* (gh)- 1 5a* (gh) G K (T). Then 
(Kt, (gh)- 1 x5a* (gh)") will be bounded by ii. This already indicates how we will construct the 
morphism a : X^ IMj x(b) A (Ijj / x -1 Ijjx) A — > M v . The proof now proceeds in several steps. 
We construct S in step 2, estimate the n needed for the above in step 3, define the morphism 
a in step 4, the morphism j3 : S — > X^x(b) h ><k (I~n / x ~ l I~N x ) h i n steps 5 and 6, prove the 
finiteness and surjectivity of a and (3 in step 7, and compute the central leaf Cgj/ v in step 8. 
See the beginning of each step for more details. 

Step 2. Construction of a first finite surjective morphism S — > M v over which the universal 
local G-shtuka is isogenous to a completely slope divisible one, and computation of two bounds 
n' and fj,". Consider the quasi-isogeny groups Jb of G and J x of (Kk,xa*). Then gJ^g- 1 = 
J x C M(k((z))) for the Levi subgroup M by Corollary 13.41 Let // be such that all elements 
of gjX^^K^)^ are bounded by // for all j £ J^Ci K. Such a fjf exists by [HV1 Lemma 3.13] 
on a quasi-compact connected neighborhood of 1 G X^^(b) since X^^k^) is reduced, all 
gj have the same image in tti(G), and one only has to consider a finite set of representatives 
j for (Jf, n K)/(Jb Pi K D g~ 1 Kg). Now let Q_ be the universal local G-shtuka over M v . We 
consider the normalization N v — > M v of M v . Since M v is excellent this is a finite morphism by 
|EGAt IV, Scholie 7.8.3(iii) and (vi)]. Hence M v is normal and its connected components are 
integral by [EGA, II, Corollary 6.3.8]. Applying Corollary 14. 1 5 1 to each such component we see 
that there is a finite surjective morphism S = Spec Rs — > M u with R$ a direct sum of integral 
domains, such that over S the local G-shtuka Q_ is isomorphic to (Ks, l~ 1 xsa*(l)a*) for some 
I G LG(S) and some e G Ijj(S) whose reductions in the finitely many maximal ideals of R$ 
are g and 1, respectively. Since S is quasi-compact and reduced, and the image of I in vri(G) 
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is trivial, I is bounded by some dominant //' according to [HV1 Lemma 3.13]. 

Step 3. Computation of the bound on re needed in step 1, first replacement of S, and choice 
of a section (Ijj/x~ 1 Ijjx) A = X x ^ n <^-> x~ n Ijj-x n . Let uk G N with I nK C K. Let re G N with 
h~ 1 x~ n IjjX n h C J nK for all h G LG bounded by \J or by fj," (which exists by Remark [4.2|(e)| and 
Lemma l6.3p . By Lemma 14.31 there exists an n\ > n with a* (j) x~ ni IjrX ni o~* (j) C x~ n ljrx n 
for all j contained in the bounded set g(J},C\K)g~ l C M(k((z))) . By Lemma r4.11l we can replace 
S by a finite extension and multiply I by an element of Ijj(S) to achieve that e as above is even 
in x- ni %(S> ni C x~ n %(S> n . Let Z x , n be the completion of (x- n I w x n )/(x-^ n+1 h 7r x n+1 ) 
at 1. Then Z X)n = (Ijj / 'x~ l Ijqx) h . We choose a section I XjTl — > x~ n I-^x n using Lemma I2TT1 
and from now on identify X X]n with its image. Note that as Ijf is pro-unipotent we may lift 
{1} — > x~( n+1 ^ Ijj-x n+1 (where 1 is the special point of I xn and the map is the restriction of 
the section) to a morphism I x ^ n — > x~( n+1 ^ IjjX n+1 . Multiplying the original section by the 
inverse of this map, we see that we may assume that the section maps the special point of I x ,n 
to 1 G x~ n IjjX n . 

Step 4- Definition of a : X^^^(b) A Xfc Tx,n ='■ T — > J\f u . We define a(h, 8) := (gh)~ 1 x5a*(gh) 
where h G LG(T) is a chosen, fixed representative (existing by Lemma 12. 3|) of the universal 
element of X^^(6)(T) and where 5 G x~ n Ij^{T)x n is the image of the universal element. We 
consider the local G-shtuka (Kf, (gh) -1 x5a* (gh)o~*) over T together with the isomorphism at 
its closed point hk ■ (K^, (gh)^ 1 xa* (gh)a*) G. It yields a deformation of G over T which 
is independent of the representative h up to canonical isomorphism. By the observation in step 
1, this deformation has constant Newton point v and is bounded by \x because the choice of n 
implies that a* {gh)- 1 5a* (gh) G K(T ) C K (f). This indeed defines a : f M v . 

Step 5. Final definition of S and construction of a morphism S — > X^^ t K(b) A , i-e. of the 
first component of (3. We want to use the description of Q_ s by I and e to construct a finite 
surjective morphism /3 : S — > X^ Mj ^(6) A x^X x ^ n . We first define the map S — > X^^{b) h ■ For 
this purpose we choose an r G N with K r C K n hKh -1 for all h G X^^(6) A (use Lemma 
16. 3p . In order to obtain the surjectivity of ft in step 8 below we rename our S to S\ and replace 
it by the finite disjoint union Uj g r Sj with Sj = Si for all j G T = (J^nK) j '(JbdKr). The first 
component of the morphism (3 is given on Sj by h = j~ 1 g~ 1 l G (LG/ K)(Sj). To show that 
h G X^ : K{b) h (Sj) we consider it in every geometric generic point rj of Sj. By Corollary 14.121 
there is a y G x~~ n Ijj-(rj)x n with xe = y~ 1 xcr*(y). Together with the choice of /j," and re 
this implies that h^ba^h) = /(r^ecr*^))^^/)" 1 with / = l~ x yl = (gjh^ygjh G K(fj). 
Hence hjj G X^^K{b){ff)- Since X^^xib) C LG/K is closed, is reduced and complete, and 
the reduction of h in all closed points of Sj is 1 G LG/K we see that h gives a morphism 
Sj^X^ K (b)\ 

Step 6. Definition of the second component S — > of (3. On Sj- we would like to 

choose 5 G I X)n {Sj) equal to e := o-*(gj~ 1 g~ 1 )ea*(gjg~ 1 ) G x~ n Ij^{Sj)x n because then 
(gh)~ 1 xea*(gh) = l~ l xea*{l) and a/3 equals the projection Sj — > M v . However, e is in general 
not in the image T x n of the chosen section, and needs first to be modified by u-conjugating 
(gh) -1 xea* (gh) by further elements of K. To do that and to define the second component 
5 we use induction on m to define it modulo (<7*) m (m) where m denotes the maximal ideal 
of any component of Rsj- More precisely, we want to show that for every m G N there is a 
9m G (ghy 1 x~ n I jr (Sj)x n gh such that g' 1 (gh)' 1 xea* (ghg m ) = (gh)' 1 xe m 5 m a* (gh) for some 
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e m G x~( n+1 ^ Ijj(Sj)x n+1 which is congruent to 1 modulo (cr*) m (m) and some 8 m G X x ,n(Sj). 
In addition we choose g m and 5 m in such a way that g m +i = 5m and <5 m = <5 m _i modulo 
(er*) m (m). Note that our choice of \j! and n implies that g m G (gh)^ 1 C X. Hence 

this iterative process of cr-conjugating (gh)~ 1 xea*(gh) only changes the trivialization of the 
local G-shtuka with if-structure. For m = let go = 1, and let <5o £ l Xtn (Sj) be the unique 
element with eq = eSq 1 G x~(" +1 )ljy(Sj):c n+1 . That is, Sq 1 is the image of under the map 

For the induction step we set g m +i = g m (gh)~ 1 xEmX' 1 gh. Then 

gmXiighY 1 xea* {ghg m+1 ) = ((gh)~ 1 x£ m x~ 1 ghy 1 (gh)~ 1 x£ m 5 m o-*(gh)a*((ghy 1 x£ m x~ 1 gh) 

= (ghy l x5 m a*{xe m x~ l )a*{gh). 

Note that cr*(xe rn x~ 1 ) G x~ n Ij^(Sj)x n is congruent to 1 modulo (<r*) m+1 (m). We now de- 
compose 5 m o* (xe m x~ l ) as £ m+ i5 m+ i with £ m+ i G Z Xyn (Sj) and e m+ i G x _(n+1) %(5j)x n+1 
by taking S^ +1 as the image of <r*(xe~ 1 x _1 )5~ 1 under the map (|6.3|) . Then <5 m +i = <5 m 
(mod (cj*) m+1 (m)) and e m+ i = 1 (mod (a*) m+1 (m)). We define 5 and g to be the limits of 
the 5 m , respectively g m and replace I by Ig and /i by hg. Note that this does not change 
the point h G X^ / ,(6)(S' j ) A . Then the Frob enius of the universal local G-shtuka over Sj is 
g I xea* (Ig) = (ghg)~ l x£~a*(ghg) = (gh)~ 1 x5a*(gh). This defines the second component 
5 of /3 on Sj and we put everything together to obtain the morphism f3 : S = IJjer &j ~~ ^ 
X^^K(b) A x/%I" Xjn , such that the projection S — > M v factors through the morphisms (5 and 
a : X^ K (b)^ x k Zx,n -> M v . 

Step 1. Proof that a and f3 are finite surjective. Clearly, the morphism f3 is finite and a 
is surjective because S — > M v is. To show that also a is finite and f3 is surjective we write 
M v = SpecA, and X^^ ; K(b) A x^ I Xj7l = SpecB, and S = SpecC Since A is noetherian 
by Proposition 13.61 it suffices for the finiteness of a to show that the A-module B is via /3* 
contained in the finite A- module C. Let b = ker(i? — > C). Since B is reduced we only need 
to show that b is contained in every minimal prime ideal p of B. We will show that p lies 
in the image of (3. Then b C p. Also since (3 is finite, hence closed, this will prove that j3 
is surjective. Consider the morphism SpecC ®a B/p — > Spec .B/p which is finite surjective 
by base change from SpecC — > Spec A. Let $ C C ®a B/p be a prime ideal mapping to p 
and set R = (C a ^/p)AP- Then R is a complete local integral domain. It comes with two 
projections Speci? — > Spec B, the first of which factors through SpecC, both mapping the 
maximal ideal of R to the closed point of Spec-B. The projections yield two i?-valued points 
(h,5) and (h',5') of X^,^x(b) A x^, I x ^ n with reduction (1,1), which have the same image in 
Afv(R), i.e. {gh)- l x5a*~(gh) = l-~ 1 (gh')- 1 x8'a*(gh')a*(J) for the representatives h,ti G LG(R) 
induced by the choice of representative in the definition of a, and for some / G K{R) such that 
hlh -1 has reduction 1. By construction the point (h,S) lies in the image of (3, and we have to 
show that (h',5 1 ) likewise does. 

To compare h,h' we consider them in each geometric point of SpeciZ. We use again 
that over a perfect field x5 = y~ 1 xa*(y) and x8' = (y')~ 1 xa*(y') for some y, y' G x~ n Ij^x n . 
Together with the choice of n this implies that h~ 1 ba*(h) = f~ 1 (h')~ 1 ba*(h')a*(f) for / = 
(gh')- 1 y'{gh')l{ghy 1 y- 1 (gh) G K, that is h'/h' 1 G J b . Let £ = tihr 1 . The computation 
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just made shows that in every geometric point, £ G Jb ■ hKh . We consider the image of £ 
in LGj (hKh^ 1 )(R), which lies in the image of Jb in this quotient (as this is the case in each 
geometric point and R is reduced). The latter is a discrete subscheme, its intersection with 
each bounded subscheme of LGj (hKh~ l ) is finite. Hence the image of £ is constant and equal 
to the image of some j G Jb- Thus j" 1 ^ G hK(R)h~ l and h' = jh as elements of LG / K(R). 
Considering the reduction in the special point of R we see that j G A. Furthermore j is unique 
up to right multiplication by elements of Jb l~l A n hKh~ l . So by our choice of S = U, e r Sj 
with iS"j = Si we can consider the R- valued point Spec R — > S which lies in some Sj Q also as a 
point in Sjj . As such it is mapped under j3 to a point (jh,5) = (h',5) in X-^x^) 7 ^ Xfc^r, ra- 
it thus remains to show that for h = h' in LG/K(R), also (5 = (5 ; in X XjJl . Then (h',5') 
lies in the image of /3 as desired. Let m# be the maximal ideal of R. By definition 5,5' G 
x- n I w x n (R). Let m be minimal with tf'tf" 1 £ x-( n+1 )/ ] y(i?/( ( j*) m (m i? ))a;' 1+1 . As <5,<5' are 
both in the image of the section of T x ,n this implies S'd -1 = 1 G LG(i?/(cr*) m ~ 1 (m/j)). 
Our assumption that the deformations associated with (h,5) and (h,5 f ) are isomorphic as 
deformations (i.e. via an isomorphism which is the identity on the special fiber) implies 
that there is an / G LG(R) with / = 1 (mod m^) and f~ 1 x5o~* (f) = x5' . This is equiv- 
alent to 5~ 1 x~ 1 fx5' = o~*(f). Considering the equation for / modulo (<r*)'(m#) for all 
I G N we see that / G N(R((z))) since x normalizes N. Considering the equation modulo 
x~ l I-^x l for the maximal i with / G x~* Ijjx 1 (R) we see that this i is at least n, especially 
x v f~ x x G x - ( n+1 ) IjjX n+1 . Furthermore / = x5a*(f)(5')^ 1 x^ 1 = 1 (mod (cr*)™" 1 (ttir)) by 
induction, thus <J*(f) = 1 (mod (cr*) m (mfi)). Hence over R/(a*) m (mR) we have 5'5~ l = 
5'a* (Z) -1 ^ 1 = x" 1 /-^ G x-( n+1 )%(ii/(cr*) m (m R ))a;' 1 + 1 . But this is a contradiction to 
our assumption 5'S^ 1 x~^ l+1 ^ Ijj(R/ (a*) m (m.R))x n+1 . This proves 5 = 5' from which the 
finiteness of a, the surjectivity of f3, and hence the first assertion of the theorem follow. 

Step 8. Computation of the central leaves. To compute Cg,jV„ consider two geometric points 
of AC and some preimages (h,5) and (h',5') in A^ Ui ^(6) A Xkl x ,n- The preceding calculation 
shows that the local G-shtukas with AT-structure above these points can only belong to the 
same isomorphism class if h' = jh for some j G Jb- We are interested in the special case h' = 1. 
We use that over a perfect field each element x5 or x5' with 5, 5' G x~ n IjjX n is cr-conjugate by 
an element of to x. Thus the set of points (h,5) G A^„^-(6) A Xk^x,n such that the 

local G-shtuka with A-structure corresponding to the image in M v is isomorphic to G consists 
of all pairs (j, 5) for some j G (Jb/Jb n A) n A^ Mj ^(6) A and arbitrary 5. As j G A^ Mi x(^) A , it 
is bounded, and hence only a finite set of elements of Jb/Jb H A can occur. Furthermore, an 
element of this finite set of closed points of LG/K only lies in A^ Mi ^(6) A if it is equal to 1. 
Hence j = 1 and we see that Cg,a/1 i s °f the form claimed in the theorem. □ 

An analogous proof shows 

Theorem 6.6. Let G = (ik, ba*) be a local G-shtuka with I-structure over k which is of affine 
Weyl type y and has Newton point v. Let M v be the Newton stratum of b in the universal 
deformation space of G of Weyl type y. Let x be a P -fundamental alcove associated with the 
isogeny class of G where P is such that the Levi subgroup M of P equals the centralizer of the 
M -dominant Newton point of x. Then up to finite surjective morphisms, M v is isomorphic to 
the completion X y (b) A Xk(Lj[/x~ 1 Ljj-x) A of X y (b) x& L-j^/x~ l I-^x at (1,1). Furthermore, Cqj^ v 
is geometrically irreducible and equal to the image of {l}xk(Ljj/x~ 1 Jjjx) A in M v . □ 
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Corollary 6.7. Using the notation of Definition \6.1\ let v be the Newton point of G and let 
N v ,s be the Newton stratum of v in S. Then Cg,s is closed in j\f v g. I n particular Cig,S with 
the reduced structure is a locally closed subscheme of S. 

Proof. We write G = (Kk,boo~*) for some bo and let p be such that bo is bounded by p. By 
Lemma [6. 2 1 g is constructible, so it is enough to show that it is stable under specialization in 
M v s- Let T_ = (Kk, ba*) be the local G-shtuka with if-structure associated with a point y in 
the closure of Co,s and in M v ,s- As the Newton points of G and JF_ coincide there is a g G LG(k) 
whose equivalence class modulo K lies in X^nj((b) with g~ 1 ba*(g) = bo, and all such g lie in 
one orbit of J = J^. We may replace 5 by the completion of N v ,s in y- Let AC be the closed 
Newton stratum in the universal deformation of T_ bounded by p. Then there is a morphism 
S — > M v such that the local G-shtuka on S is the pull-back of the universal local G-shtuka 
with .ftT-structure over M v . We consider the inverse image in X^^ t K(b) A {Lj^/x~ l Ijqx) A of 
the image of Co,s in By assumption it is nonempty. We consider its first component (in 
X-<[j,,K(b) A ) in the different points of this inverse image. On the one hand, the local G-shtuka 
with i^-structure corresponding to such a point is isomorphic to G, hence the first component 
has to be of the form jgK for some j G J&. Note that jgK G LG/K is a closed point defined 
over k for each j. On the other hand it is in the completion of X^^xib) at 1. By the same 
argument as in the proof of the last assertion of Theorem 16.51 we see that the first component 
has to be constant, and equal to the unique closed point 1 of X^^^ib)^ . Thus K n Jg ^ 0, 
hence bo and b are cx-conjugate under K, and y £ Cg,s- d 

Corollary 6.8. Let b € LG(k) and let v be the Newton point of b. 

(a) Let fx G X*(T) be dominant with X^(b) ^ 0. Then X^^(b) and Xn(b) are equidimensional 
of dimension (p,fi — v) — |(rkf « z y.{G) — rkp „((«)) In particular, X^(b) is open and 
dense in X^{b). 

(b) Let y £W with X y (b) ^ 0. Let C be an irreducible component of X y {b) and let £(v,y,C) 
denote the maximal length of a chain of Newton points y v which is realizable in the 
universal deformation of Weyl type y of a point Q_ associated with g~ 1 ba*(g) for some g 
in the smooth locus of C (see JHVl Definition 7.6]). Then dimG > £(y) — (2p, u) — £(u, y). 
On the other hand dimX y (b) = £(y) — (2p, u) — codim(AO where codim(AC) denotes the 
codimension of the Newton stratum associated with v in Iyl. 

Remark 6.9. For the affine Deligne-Lusztig varieties Xa{b) it is known by [GHKRi] . [Vilj 
that their dimension is equal to (p, ll — v) — ^(rk F « Z -*,(G)— rkj (( Z ))(J&))- In |HV] we proved both 
assertions of the corollary under the additional assumption that b is basic. Equidimensionality 
of X^b) for b G T(¥ q ((z))) (not necessarily basic) is shown in [GHKRll Proposition 2.17.1]. 
The last assertion of the corollary proves |Be[ Conjecture 1]. In general, the affine Deligne- 
Lusztig varieties X y (b) are not equidimensional (see [GH]). 

Proof of Corollary \b.8[ Let X be an irreducible component of the affine Deligne-Lusztig vari- 
ety. Let g be a smooth point on X. By replacing b by g~ 1 ba*(g) we may assume that g = 1 
is smooth and lies on the component we want to consider. Let Q_ be the local G-shtuka with 
Kq- respectively /-structure associated with b. We consider its universal deformation by local 
G-shtukas bounded by p, respectively of affine Weyl type y, which by Proposition 13.61 is pro- 
representable by a complete noetherian local ring T> of dimension (2p,p), respectively £(y). 
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By |HV} Corollary 7.7], the codimension of an irreducible component of the Newton stratum 
associated with the Newton point v of Q_ in Spec V is less or equal to the maximal length of 
a chain of Newton points ordered by ^ and lying between p and u, respectively realizable in 
(Iyl)£ (in the second case this is what we call £(u,y) above). Thus in the first case we obtain 
as in [HV1 Proposition 7.8] that the dimension of each irreducible component of the Newton 
stratum is at least (p, p + v) — |(rkp ^(G) — rk F(? p ))(«/;,)). The assertions of the corollary 
now follow from the product structures in Theorem 16.51 and Theorem 16.61 together with the 
fact that dim(%/x" 1 %x) = dim(7/(7 n x^Ix)) = l(x) = {2p,u) by [GHKR21 Proposition 
13.1.3 (3)]. Here x is a P-fundamental alcove corresponding to [b]. □ 

Corollary 6.10. Let G be a local G-shtuka with K -structure over k bounded by some p € 
X*(T). 

(a) Let v be the Newton polygon of G. Then the closed Newton stratum in the universal 
deformation ring for deformations of G that are bounded by p is equidimensional of 
dimension {p,p + v) - i(rk F<j((z) )(GQ - rk ¥q{{z)) (J b )). 

(b) The generic fiber of the universal local G-shtuka with K -structure over the universal 
deformation ring for deformations of G that are bounded by p has Newton polygon p. 

Proof. The first assertion follows from Corollary 16.81 and Theorem 16.51 Let vq be the Newton 
point at the generic point of the deformation space. By \BY\ Corollary 7.7(b)] we obtain 

i i 

The two sides of this inequality are the maximal lengths of chains of comparable Newton 
polygons between v and p, respectively v$ (see \Ch\ Theorem 7.4 (iv)]). As v$ ■< p, the right 
hand side is strictly smaller than the left hand side unless p = vq. □ 



References 

[EGA] A. Grothendieck: Elements de Geometrie Algebrique, Publ. Math. IHES 4, 8, 11, 17, 20, 
24, 28, 32, Bures-Sur-Yvette, 1960-1967; see also Grundlehren 166, Springer- Verlag, Berlin 
etc. 1971. 

[BL] A. Beauville, Y. Laszlo: Conformal blocks and generalized theta functions, Comm. Math. 

Phys. 164 (1994), no. 2, 385-419. 

[Be] E. T. Beazley: Codimensions of Newton strata for S L^{F) in the Iwahori case, Mathematis- 

che Zeitschrift 263 (2009), 499-540. 

[BD] A. Beilinson, V. Drinfeld: Quantization of Hitchin's integrable system and Hecke eigen- 
sheaves, preprint on http://www. math, uchicago . edu/^mitya/langlands . html. 

[Ch] C.-L. Chai: Canonical coordinates on leaves of p-divisible groups: The two-slope case, 

preprint, http : / / www . math . upenn . edu/ ^chai/paper s_pdf /2slope_vl4 . pdf . 

[Fa] G. Faltings: Algebraic loop groups and moduli spaces of bundles, J. Eur. Math. Soc. 5 (2003), 

no. 1, 41-68. 

[GHKR1] U. Gortz, T. Haines, R. Kottwitz, D. Reuman: Dimensions of some affine Deligne-Lusztig 
varieties, Ann. Sci. Ecole Norm. Sup. (4) 39 (2006), no. 3, 467-511. 



24 



U. Gortz, T. Haines, R. Kottwitz, D. Reuman: Affine Deligne-Lusztig varieties in affine flag 
varieties, Compositio Math. 146 (2010), 1339-1382. 

U. Gortz, X. He: Dimension of affine Deligne-Lusztig varieties in affine flag varieties, Docu- 
menta Math. 15 (2010), 1009-1028. 

T. Haines, M. Rapoport: Appendix: On parahoric subgroups, appendix to G. Pappas, 
M. Rapoport: Twisted loop groups and their affine flag varieties, Adv. Math. 219 (2008), 
118-198. 

U. Hartl: A Dictionary between Fontaine- Theory and its Analogue in Equal Characteristic, 
J. Number Th. 129 (2009), 1734-1757. 

U. Hartl, E. Vichmann: The Newton stratification on deformations of local G-shtukas, 
preprint, arXiv : 0810 . 0821, to appear in Journal fur die reine angew. Math. 

R. Hartshorne: Algebraic Geometry, Springer- Verlag, New- York, Heidelberg (1977). 

J. C. Jantzcn: Representations of algebraic groups, Mathematical Surveys and Monographs 
107, AMS, Providence, RI, 2003. 

R. E. Kottwitz: Isocrystals with additional structure, Compositio Math. 56 (1985), no. 2, 
201-220. 

Y. Laszlo, C. Sorger: The line bundles on the moduli of parabolic G-bundles over curves and 
their sections, Ann. Sci. Ecole Norm. Sup. (4) 30 (1997), no. 4, 499-525. 

G. Laumon, L. Moret-Bailly: Champs algebriques, Ergebnisse 39, Springer- Verlag, Berlin 
etc. 2000. 

B.C. Ngo, P. Polo: Resolutions de Demazurc affincs et formulc dc Casselman-Shalika 
geometrique, J. Algebraic Geom. 10 (2001), no. 3, 515-547. 

F. Oort: Foliations in moduli spaces of abelian varieties, J. Amer. Math. Soc. 17 (2004), no. 
2, 267-296 

F. Oort, Th. Zink: Families of p-divisible groups with constant Newton polygon, Documenta 
Math. 7 (2002), 183-201. 

G. Pappas, M. Rapoport: Twisted loop groups and their affine flag varieties, Advances in 
Mathematics 219 (2008), 118-198. 

M. Rapoport, M. Richartz: On the classification and specialization of F-isocrystals with 
additional structure, Compositio Math. 103 (1996), 153-181. 

M. Rapoport, T. Zink: Period Spaces for p-divisible Groups, Ann. Math. Stud. 141, Prince- 
ton University Press, Princeton 1996. 

E. Viehmann: The dimension of some affine Deligne-Lusztig varieties, Ann. Sci. Ecole Norm. 
Sup. (4) 39 (2006), 513-526. 

E. Viehmann: Truncations of level 1 of elements in the loop group of a reductive group, 
preprint, http : //arxiv . org/abs/0907 . 2331 

T. Zink: On the slope filtration, Duke Math. J. 109 (2001), 79-95. 



25 



Urs Hartl 

Universitat Miinster 

Mathematisches Institut 

Einsteinstr. 62 

D - 48149 Miinster 

Germany 

w w w . mat h . uni- muenst er .de/u/urs. hartl/ 



Eva Viehmann 
Universitat Bonn 
Mathematisches Institut 
Endenicher Allee 60 
D - 53115 Bonn 
Germany 



26 



